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o IKTRODUCTION
'
.‘1 -

" As a part o7 the expeeimental program of the Edwards
Strr=zt rahoratory, 1t was necessary to locate equipment in

the”waters of « harber with precision, and both to follow

J
&
I

the‘course of boaits in relation tc this equipment and to
maneuvar hoate over pre-chogan coursged. Precise methods

of navigatlion were accordingly of interest. 7Thlsg theorstical
raorc Wwas prepay2d ag a guillds te the degree of precision

of location and of navigation which might be zttalned with

three d:I'ferent m:thods of measurement.
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ABSTRACT

An imporiant guestion for any navigational aystea ls
the following. Yor a pre-assigned uncertalnty in posl-
tion what is the maximum erxsr which can be folerated
in measuring the coordinates of position? Three tyrpes
of navigational gsystems are considered in this report:

a) Position determined by measuring at two fixed stetlions,
a2 known Gistance apart, the angies subtended by the vessel
and the baseline cennecting the stations, b) Position de-
terminzd by measuring at a single station the range and
angle subtended by the vessel reiative to a fixed dfvec~
tion, ¢) Position determined by measurving the ranges from
two {ilxed stations & known dlastance apart. Por each case
curves have been computed which relate the uncertalnty in
position to the maximun permissible error of the positisn
paramneterse. This information also has been presented in
ol maxirum erpor contours «shilca ran he sealed

and superimpoesed on & chart for direct rsading.

This report wan 2dlited and The abstiset praparved by

A, Veorhils,

K]
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The subic. . of thils ceporl 20 507 na26uTa 1y i
out of the problem of deterwining Zhe position o F
& ship v o
of Plexed ralepence ghalions On sunoe Of hee

saramatersimeanural

[

various cenmbinatlions of pesitlon
guantities,such as angle, distance,e¢ts.),we have
restricted our attentlion to thne following:

1. Consider two fixed shore stations. Parameters:
the two angles included tetueen Che lline of sight

from each stzticn £o the ship and a sultabice fixed

. direction {usuzlly the base line}. Figure 2 . 5
2. One shore station. Parameters: the distance ]
firrom the station to the ship and the angle included
between the line 0f sight ard a suiltable fixead

direction, Figure .{

s 3 TR

b o, shore stations. Parametayy: the Ltwo distances

from each station to the ship. Figure 1§

.
P R

1
§
In each ¢f these three case,we shall dzfine the %
error of pesition and show how this error varies ag Q
&
a function of position and of assured errors in the :
' position parameters. However,the principal purpose of §
this report is to treat the inverac problem: glven a \
4
!
¥

_E o hCr A -3 .
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preassigned maximwn allcwable error of position, with
what accurzcy need cn@pgrsure the position parameters
in order to obtaln a fix wnieh remains within the given
allowable error ¢f position? We purposzly neglect bthe
' posgibility that ons or s2veral of tha
neters may be meacured with extfeme accuracy; our main

interest lies Incetarmining -~ as a functicn of positlion ==

the maximum erirox that cne ig allowed te make In measuring

a1l of the positlon paramsters. An lmpliclt eesumption

here is that the weasuring insiruments heve an errecr
distributicn curva which is finlite in extent, that fs,

the probablity of an instrument error greater than :ome

fixed constaat is zere,

We realilze that our approach to the problem may be
"wasteful" in a sensa; but it is hoped that the results
will Justify our noint of view.

Case

A

. Conslder the lollowing figure.

4
qﬁ)rp& :measured angles

[ l'_,,p

5 .B :flxed referecnce statlions

= SR :ovject whose position
’ VAN is to be determined

Y
&

AN c :distance between sitaticns

-

ure 1.
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By using the law of sines and by ncticing that angle :
H
Acl = - (B + &) %
and <hat gw (?7"* ﬁﬁ o~ a‘.‘.‘; = ﬁ"m (¢, - (!5;; ) ,we obtzin ij
’ i
‘»5 l
V4 svn @ . .
rm= O P R A ”} %I
TN, T ¥ i
Ther: the x and y coordinates of ¢ arz easlly ceen to be :
.
X= O gon &y amdé, i
Sem (¢)/ -y }
. : (2) i
Yoz (2 S é/ & ‘é& ]
’ 4 sn (B, vy ) :
I3
. Thus A= £ (C, &, ,8,) ancd ;:;fC:(f’a,@a,}, The errors 3

in the x and 0«1 coordinates of ¢ in terms of the

errors 1in
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Rere, we may assume that the dietancefgcan be

measured as accurately a5 we please; therefore

we may set dr = o in eauaticn {(3)
NOW a /
e ‘3’{ { Sin &, St (P +‘céq;,3 # Lo C«f, e (4, +- 4";{) ;; ﬁ,é
S (B 5 )
7'“660745{ coe &s ‘”,d/‘)«%mc’f cos (@, # «3{} ]ﬁ[(%‘
! W((é, o 4'(3/‘
C’ ~1
S [ sindycnd, db »5md cor d, dd,z;
@ ) L

ond
ﬂ/jz c S‘”’dg_

AP

4

[-eb e d) -5 b dy) ]

e D dh A
P I wz)

[m s (B0 o) - 5om &, W@*J&)]cfézn

art @D, &by )

te o,

. [5n* by db, + st & A4, J}’

P
We shall term the error of position of & as AS = ;)’a"x"*f-a’yz‘
Geometrically, the error 5T positicn, a’..‘, is

exactly what we might expect: it is the length

of the iine CC! in figure 2.
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Figure 2.

on together with simple

By straightforward calgulati

o e il ) 0 e

trigonometric identities, we have
s e

S = . eh & 74

F /Qb,'!“ég,} "‘}

v g, déa‘

Aol
L

2 JA-I
S, G, ~ 2 5m @, 50 @, Il ) ddf A,

Equation {#) , “hen, gives whe =ryroi of pisition as a
function of C{, @; 3 Cé& ’ a’% and ¢ %; NeweveYy,

the expresslion on the right is rather complicated eng

diificu £ %o interpret as 1t stands. We shall make the

following simplification which, in our opinion, 1is not

(,i/.‘:::.;‘l‘-'&?/

unrealistic. Letting
equation (¢} becomes
. ‘L A
(:ldcb" S (@, B2) )
535’1- k;ﬂzd 3 59‘”36-}; * 2 Js:;-vd; 59:;141_,_ C@'J(@ ""?’{L’,}
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We shouid like fthe tern s ES -EENE- The - s el SitTsh
!‘/ < a E b o oy Satie 7
A

s 1

that ig allowed in measuring ¢, and &, ,Jor a given

~va

separation of the roeference statlong and for o glven

i
1
Y
3.

maximum allowable error of nusitica. EHguation é?} is

practlezlly useleﬂv for thiaz p urpocs, gince the dznominator

of the right-hand seamber iz not single=-valucd. Ia order to

cr

reetify this situation, wo weplace the (X} 5? (4}  exd
take the wbesolute valiue fﬁv-ﬁa thus making the denomi-

z
g C?’QQ";

nator single~valuzd and giving £ itz smaller vzlue.

J,

e
Tiis chenge insurcs that aﬁé e z2lways within the allowe

Ao e 1 S el B TS

-
o
f

[y T
able errcr range in the measurement of Q% (0? Pa ). Tre i
4
final zxpresslon which we seek le thon j
§
2 1 . dh ol B :
ccde” 5"“"“ ) ‘7:‘/ L8 i""".'éj (‘,' ; g‘
e o LF -4 -
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Equation {&/ is still somewhai compls catcd and so goveral %
graphs have bDeen propared to ahow mowe clearly the veriation %
e odd : i
of o' with the pcsition of the object. Alson, a con~ i
AS i
tour cherv is incluned showing thesze regiong of the hardor 2
'y - 2 Rs = dtj} i
{relative to the yoference siablsns) where ~§?3 assumes %
certain constant values. Each graph is fully explained on %
the page preceding it. 3
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Figures 3 and &4

c 44,

Here we see the variation of < as a function

of one of the measured angles with the other angle as
a parameter. Note that elther angle: may be used as
parameter since equation (6) is symmetric in ¢) and gbz_.

FPigure 4 on the fcllowing page 1s a magnification

Ca/d, A
—— 4 A

of Figure J for the range o < > «
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Figures 5 and 6

Figure S shows the relation between the measured

cdd,

angles Gﬁ andé Gé for various of ——= ., Plgure &
= 5

shows the partitioning sf the area under condlderstion

nto  equai-error regicnag, that iz, those regions in which
the maxlmum allowable error of measurement, cﬁgé, (i éﬁ?é) y
is the same for given <& wnd d$ . Wote that the curve
labled L O is a portion of 2 e¢irecie passing througn the

reference stationa. On thils curve, the lines or sight

intersect at righv angles and maximum allowable errcor in

qb, (and éz) 15 the lavgest.
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We do not give an equal-error dlagram for this
case; we shall simply describe 1t. PFirst, let

us put equation (7) in the form

/ c/r')
' (8
24 )

We shall assume that ¥ does not vary appreciably

with distance . ¥  but, to fix the ideas, let
dr =« ( = the largest dy within the range

of the measuring instrument). Further,note that
¢ does not occur in {8). Thus, by letting
4® ascume certais fixed values, we obtain con-

centric circles { with center at the reference

.statinn\ as the egual-error contours. A different

value of K will simply dilate or contract the
entire diagrem. 1% should be remarked here that

since ¢S 1s a preassigned constant, we often

write i‘é andé -4-/:
s as

This simply amounts to a change in scale.

instead of i, A}, respectively.
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Case 3.Here we consider two fixed reference gtations

on shore with two measured distances as position

parameters.

S .
///\\\ A, B: reference gtations
av// N F a, b: measured distances
ol % e
A ¢ 8
Filgure 11

Now lntrcduce a system of polar coordinates with
center at A. In thils system, the point 8 may be deg-
cribed by the couple (’/’/ G") vhere = a ;
consquently, we may define the error of posltion as
d&ﬁ:a@ff—an@g-As In the previous two cases we shall
find an expression for das in terme of a, b, da,
db and ¢, where du and db are the evrors in 2 and b
respectively. To thils end, congidan the followlng

analiysils.

S g o
7 O a 24 M~ P 5
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Letting é_i_rézo = T4l and rearrvanging terms, we obtain

ola 12

(;'L‘_S' % (q)
ale.o b ﬁ-“- 2
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Ag in cass I, we should like the term £Z%  to give
=S e
the maximum ervor that ls allewed in meseuring o ang fe
for a glven maximu: allovwsble erprsr of pesition. 5

Thus, in order to make ﬁ.?. 23 #n bl
we chocse in egquatiocn (¢) the (¥-) when a*s £2 2 ¢c*

and the (-) when 2. L1, o2
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If, on the other hand we take the ( --) , then

dae _g)t- (Ampr?es)” b At
(ds’ = 4745 [/—('J-/“)zj “ -

Equations {10) and (1ll1) tu=n give z relation between

_{/f' and the posliton of the obJject for the ad-
as ‘
missible ranges of A "d/né‘/u. The figures

which follow give thils reiatlion in graphical form.
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Az 2
Figure i2 shows the variation of g7 ) as a

function of one o the meagsured distance with the

other distance as parameter, for tlie case

A"«-/uz < ¢
iguve 13 is simijar to Figure ic for the case
Ate gt 2
Figures 14 and 15 show a partitioning of the aresa
under consideration by equal error contours in exactly

che same way as was done in figupre 0.
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NOTICE: WHEN GOVERNMENT OR OTHER DRAWINGS, SPECIFICATIONS CR OTHER DATA
ARE USED FCR ANY PURPOSE OTHER THAN IN CONNECTICON WITH A DEFINITELY RELATFY
GOVERNMENT PROCUREMENT OPERATION, THE U. S. GOVERNMENT THEREBY INCURS

NO RESFPONSIBILITY, NOR ANY OBLIGATION WHATSOEVER; AND THE FACT THAT THE
GOVERNMENT MAY HAVE FORMULATED, FURNISHED, OR IN ANY WAY SUPPLIED THE f
SAID DRAWINGS, SPECIFICATIONS, OR CTHER DATA IS NOT TO BE RECARDED BY :
IMPLICATION OR OTHERWISE AS IN ANY MANNIZR LICENSING THE HOLDER OR ANY OTHEK
PERSON OR CORPORATION, OR CONVEYING ANY RIGHTS OR PERMISSICN TC MANUFACTUR:.
USE OR SELL ANY PATENTED INVENTION THAT MAY IN ANY WAY BE RELATED THERETO.
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